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Example: seismic wave propagation

Why numerical methods?Why numerical methods?

homogeneous medium

Seismometers

explosion

In this case there 
are analytical solutions? 

Are they useful?



Example: seismic wave propagation

Why numerical methods?Why numerical methods?

layered medium

Seismometers

explosion

... in this case quasi-analytical 
solutions exist, applicable for example 

for layered sediments ... 



Example: seismic wave propagation

Why numerical methods?Why numerical methods?

long wavelength 
perturbations

Seismometers

explosion

… in this case high-frequency 
approximations can be used

(ray theory)



Example: seismic wave propagation

Why numerical methodsWhy numerical methods

Generally heterogeneous
medium

Seismometers

explosion
… we need numerical 

solutions! … we need grids! …
And big computers …



Partial Differential Equations in Geophysics
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∂+∂+∂=∆

+∆=∂ The acoustic 
wave equation
- seismology
- acoustics
- oceanography 
- meteorology

Diffusion, advection, 
Reaction
- geodynamics
- oceanography 
- meteorology
- geochemistry
- sedimentology
- geophysical fluid dynamics
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Numerical methods: fields of application

Finite differences

Finite volumes

- time-dependent PDEs
- seismic wave propagation
- geophysical fluid dynamics
- Maxwell’s equations
- Ground penetrating radar
-> robust, simple concept, easy to 

parallelize, regular grids, explicit method

Finite elements - static and time-dependent PDEs
- seismic wave propagation
- geophysical fluid dynamics
- all problems
-> implicit approach, matrix inversion, well founded,

irregular grids, more complex algorithms,     
engineering problems

- time-dependent PDEs
- seismic wave propagation
- mainly fluid dynamics
-> robust, simple concept, irregular grids, explicit  

method



Other Numerical methods:

Particle-based 
methods  

Pseudospectral 
methods

- lattice gas methods
- molecular dynamics
- granular problems
- fluid flow
- earthquake simulations
-> very heterogeneous problems, nonlinear problems

Boundary element
methods

- problems with boundaries (rupture)
- based in analytical solutions
- only discretization of planes 
--> good for problems with special boundary conditions

(rupture, cracks, etc)

- orthogonal basis functions
- spectral accuracy of space derivatives
- wave propagation, GPR
-> regular grids, explicit method, problems with  

discontinuities



What is a finite difference?What is a finite difference?

Common definitions of the derivative of f(x):

dx

xfdxxf
f

dx
x

)()(
lim

0

−+=∂
→

dx

dxxfxf
f

dx
x

)()(
lim

0

−−=∂
→

dx

dxxfdxxf
f

dx
x 2

)()(
lim

0

−−+=∂
→

These are all correct definitions in the limit dx->0.

But we want dx to remain FINITE



What is a finite difference?What is a finite difference?

The equivalent approximations of the derivatives are:

dx

xfdxxf
fx

)()( −+≈∂

dx

dxxfxf
fx

)()( −−≈∂

dx

dxxfdxxf
fx 2

)()( −−+≈∂

forward difference

backward difference

centered difference



The big question:The big question:

How good are the FD approximations?

This leads us to Taylor series....



Taylor SeriesTaylor Series

... that leads to :

�
�

�
�
�

�
+++=−+

...)(
!3

)(
!2

)(dx
1)()( '''

3
''

2
' xf

dx
xf

dx
xf

dxdx

xfdxxf

The error of the first derivative using the forward
formulation is of order dx. 

)()(' dxOxf +=

Is this the case for other formulations of the derivative?
Let’s check!



Taylor SeriesTaylor Series

... with the centered formulation we get:

�
�

�
�
�

�
++=−−+

...)(
!3

)(dx
1)2/()2/( '''

3
' xf

dx
xf

dxdx

dxxfdxxf

The error of the first derivative using the centered 
approximation is of order dx2. 

)()( 2' dxOxf +=

This is an important results: it DOES matter which formulation
we use. The centered scheme is more accurate!



Our first FD algorithm (ac1d.m) !Our first FD algorithm (ac1d.m) !
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Problems: StabilityProblems: Stability
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Problems: DispersionProblems: Dispersion
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Our first FD code!Our first FD code!
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)()(2

)()(2)()(

sdtdttptp

dxxpxpdxxp
dx

dtc
dttp

+−−+
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% Ti me st eppi ng

f or i =1: nt ,

% FD

di sp( spr i nt f ( '  Ti me st ep :  %i ' , i ) ) ;

f or j =2: nx- 1
d2p( j ) =( p( j +1) - 2* p( j ) +p( j - 1) ) / dx^2;  % space der i vat i ve 

end
pnew=2* p- pol d+d2p* dt ^2;                 % t i me ext r apol at i on
pnew( nx/ 2) =pnew( nx/ 2) +sr c( i ) * dt ^2;      % add sour ce t er m
pol d=p;  % t i me l evel s
p=pnew;
p( 1) =0; % set  boundar i es pr essur e f r ee
p( nx) =0;

% Di spl ay
pl ot ( x , p, ' b- ' )
t i t l e( '  FD ' )
dr awnow

end



Snapshot ExampleSnapshot Example
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Seismogram DispersionSeismogram Dispersion



Finite Differences - SummaryFinite Differences - Summary

• Conceptually the most simple of the numerical methods and 
can be learned quite quickly

• Depending on the physical problem FD methods are 
conditionally  stable (relation between time and space 
increment)

• FD methods have difficulties concerning the accurate 
implementation of boundary conditions (e.g. free surfaces, 
absorbing boundaries)

• FD methods are usually explicit and therefore very easy to 
implement and efficient on parallel computers

• FD methods work best on regular, rectangular grids

• Conceptually the most simple of the numerical methods and 
can be learned quite quickly

• Depending on the physical problem FD methods are 
conditionally  stable (relation between time and space 
increment)

• FD methods have difficulties concerning the accurate 
implementation of boundary conditions (e.g. free surfaces, 
absorbing boundaries)

• FD methods are usually explicit and therefore very easy to 
implement and efficient on parallel computers

• FD methods work best on regular, rectangular grids
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% assembl e mat r i x  Mi j

M=zer os( nx) ;

f or i =2: nx- 1,

f or j =2: nx- 1,

i f i ==j ,  

M( i , j ) =h( i - 1) / 3+h( i ) / 3;

el sei f j ==i +1

M( i , j ) =h( i ) / 6;

el sei f j ==i - 1

M( i , j ) =h( i ) / 6;

el se

M( i , j ) =0;

end

end

end

% assembl e mat r i x  Ai j

A=zer os( nx) ;

f or i =2: nx- 1,

f or j =2: nx- 1,

i f i ==j ,

A( i , j ) =1/ h( i - 1) +1/ h( i ) ;

el sei f i ==j +1

A( i , j ) =- 1/ h( i - 1) ;

el sei f i +1==j

A( i , j ) =- 1/ h( i ) ;

el se

A( i , j ) =0;

end

end

end
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Finite Elements - SummaryFinite Elements - Summary

• FE solutions are based on the “weak form” of the partial 
differential equations

• FE methods lead in general to a linear system of equations
that has to be solved using matrix inversion techniques 
(sometimes these matrices can be diagonalized)

• FE methods allow rectangular (hexahedral), or triangular 
(tetrahedral) elements and are thus more flexible in terms of 
grid geometry

• The FE method is mathematically and algorithmically more 
complex than FD

• The FE method is well suited for elasto-static and elasto-
dynamic problems (e.g. crustal deformation)
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Numerical methods – current challengesNumerical methods – current challenges

Most numerical methods have been applied to problems in Earth 
sciences, but …

• … often there is not one particular method that solves all 
problems with the same efficiency …

• … there are still problems when complex shapes are involved 
(grid generation) …

• … often it is useful to combine the “good” properties of 
various methods (e.g. FE with FV, pseudospectral methods 
with FE, etc.) for specific applications …

• … for realistic problems the methods need to work well on 
parallel computers … 



Numerical methods … in all fields of Earth sciences

Seismology

Mixing -
Geochemistry

Granular media -
rupture

Earthquake physics

Regional earthquakes

Global dynamics

Earth’s magnetic field


