Acoustic wave equation

Helmholtz (wave) equation (time-dependent)

- Regular grid
- Irregular grid

Numerical Examples
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The Acoustic Wave Equation 1-D e

How do we solve a time-dependent problem such
as the acoustic wave equation?

o2u—Vv°AU = f

where vis the wave speed.
using the same ideas as before we multiply this equation with

an arbitrary function and integrate over the whole domain, e.g. [0,1], and
after partial integration

1 1 1
[0tup dx—v? [Vuv e dx = [ fo,dx
0 0 0

.. we now introduce an approximation for u using our previous
basis functions...
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The Acoustic Wave Equation 1-D

U~U = Zci () (x)

=1

note that now our coefficients are time-dependent!
..and ...

N
o2u =~ 370 =073 ¢, (g, ()
=1

together we obtain

1 i 1
Z@fcij.gpigojdx +V? ZCiIVgongojdx
0 ' 0
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which we can write as ...
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Time extrapolation

= : - : 1
Z@fcijgoigojdx +V° ZCiIVgoiV(pjdX :I
i 0 | 0 0

mass matrix stiffness matrix

... in Matrix form ...

M'¢+v:A'c=g

... remember the coefficients c correspond to the

actual values of u at the grid points for the right choice
of basis functions ...

How can we solve this time-dependent problem?

| | |

M A b
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FD extrapolation

M'¢+viA'c=g

... let us use a finite-difference approximation for
the time derivative ...

MT(CkJrl _jtcz"'cklj_l_vaTCk =

... leading to the solution at time t,,;:

Crar = L(M )7 (g _VzATCk)]dt2 +2C, —C,_

we already know how to calculate the matrix A but
how can we calculate matrix M?
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The mass matrix R
B 1 1] B 1 1 1
2 2
Z@t Cijgoiqojdx +V ZCiJVgingojdx :j fo,
| 0 | 0 1 o0
... let's recall the definition of our basis functions ...
/ X _
. —+1 for —-h_,<x<0
i—1
M; =Jg0i(0jdx (pi(f(’):<l—h£ for 0<X<h X = X=X
0 i
0 elsewhere
=1 2 3 4 § 6 7 ... let us calculate some
+ o+ 4+ 4+ o+ o+ o+ element of M ...
h, h, hy h, he h,
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The mass matrix - some elements

Diagonal elements: M, i=2,n-1

dx+} 1-
0

2

X
h

% (X)=

for 0<X<h,

elsewhere

1 hi_y X 2
M. =|ppdx= || —
i £¢|¢| V(.; hi_l
h h
— |—1_|_ |
3 3 o
=1 2 3 4 5 o6 7
+ + + + + + +
h, h, h, h, he hg

v
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Matrix assembly

Finite Elements
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Numerical example - regular grid

a8 PR = Blm, PR = s, Tme = RGNS o

0.

0.

{1 %
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Implicit Time extrapolation

Pav
=
VAV,
OE
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‘
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)

Let is recall the ODE:

dT

= fa

Before we used a forward difference scheme, what happens
if we use a backward difference scheme?

j—1
o = (T, )

J

=T, =T, +dtf (T,,t;)

Numerical Methods in Geophysics

Finite Elements

e

&




3
Implicit schemes - stability

v

]
ey,
y%ﬂﬂv

e.

or
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dt,_
T
dt, _;
Tj zTO(l‘F?) .

Is this scheme convergent?

0<

Does it tend to the exact solution as dt->0? YES, it does (exercise)

Is this scheme stable, i.e. does T decay monotonically? This requires

1

——<
1+$

T

1
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What is an implicit method?

Let is recall the ODE:

dT
—=f(T,t
A URD

Before we used a forward difference scheme, what happens
if we use a backward difference scheme?

| |—1
‘ dt‘ +0(dt) = f(T,,t;)

=T, =T +dtf (T,,t;)
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FD extrapolation - implicit

M'¢+viA'c=g

... let us use an implicit finite-difference approximation for
the time derivative ...

MT(CKH _jt(;—l—Cklj_l_VzAT: g

... leading to the solution at time t,,;:

Copy = [M T vidte A’ F(gdt2 +MT(2c —ck_l))

How do the numerical solutions compare?
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