The adjoint method in seismology — II. Applications:
traveltimes and sensitivity functionals

A. Fichtner* , H.-P. Bunge, H. Igel,

Department of Earth and Environmental Sciences,
Ludwig-Maximilians University Munich, Theresienstrasse 41, D-80333 Munich, Germany

Abstract

Sensitivity functionals which allow us to express the total derivative of a physical ob-
servable with respect to the model parameters, are defined on the basis of the adjoint
method. The definition relies on the existence of Green’s functions for both the original
and the adjoint problem. Using the acoustic wave equation in a homogeneous and un-
bounded medium, it is shown that the first derivative of the wavefieldth respect to

the model parameter = ¢~2 (c is the wave speed) does not contain traveltime informa-
tion. This property translates to any objective function defined and in particular to the

least squares objective function. Therefore, a waveform inversion should either be com-
plemented by a traveltime tomography or work with initially very long wavelengths that
decrease in the course of the iteration. The definition of the sensitivity functionals naturally
introduces waveform sensitivity kernels. Analytic examples are shown for the case of an
isotropic, elastic and unbounded medium. In the case of a double couple source there are
three classes of sensitivity kernels, one for each of the parameterd_amé parameters)

andp (density). They decompose inte-HP, P—S, S—P and S-S kernels and can be de-
scribed by third-order tensors incorporating the radiation patterns of the original wavefield
and the adjoint wavefield. An analysis of the sensitivity kernels for density suggests that
a waveform inversion procedure should exclude either the direct waves or the source and
receiver regions. S-wave sensitivity kernels, corresponding to conversions from or to S-
waves, are larger than the kernels corresponding to P-waves only. This implies that S-wave
residuals caused by parameter differences between the true Earth model and the numerical
model will dominate a waveform inversion that does not account for that effect.
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1 Introduction

Seismological observations play an important role in the imaging of the Earth’s
interior structure. Radial models of density and seismic velocities, based primarily
on the arrival times of seismic waves at the surface, were developed by Dziewon-
ski & Anderson (1981), Kennett & Engdahl (1991) and Kennett et al. (1995). The
one-dimensional models reflect the static increase of pressure and temperature with
increasing depth and the associated phase transitions of mantle minerals. Moreover,
they serve as reference models for maps of global three-dimensional variations of
density and seismic velocities obtained on the basis of ray theory and finite mode
summations (e.g. Dziewonski, 1984; Grand, 1994; Masters et al., 1996; Grand et
al., 1997; Kennett & Gorbatov, 2004). Today, it is possible to simulate the propaga-
tion of seismic waves in realistic Earth models numerically (e.g. Igel et al., 1995;
Komatitsch et al., 2000). This suggests that we replace ray theory and finite normal
mode summations as forward models in inversion schemes by numeric solutions of
the wave equation, thus, substantially increasing the amount of exploitable infor-
mation.

The inversion of seismic data can be based on different concepts. In probabilistic
inverse theory the solution of an inverse problem is defined as a marginal probabil-
ity distribution in the model parameter spagTarantola, 1987). This definition

is very general and elegant. However, a complete characterisation of this probabil-
ity distribution usually requires us to evaluate a large number of parameter space
elementp € P. Therefore, the probabilistic approach becomes impractical if the
model space is large and if the solution of the forward problem is time-consuming.
As an alternative, the solution of an inverse problem may be defined as the parame-
ter setp,,;,, that minimises an objective functia#(u(p)) defined on the observable
u(p). In symbolsp,.., = {p € P; €(u(p)) = min}. Possible observables are ar-
rival times or waveforms. Typical parameters are seismic velocities and density. In
the context of the minimisation approach the sensitivity plays a central role. It is
defined as the first derivative of the observald{e) with respect to its parameters

p and is denoted by, u. The sensitivity is the basis of resolution studies and min-
imisation algorithms. Moreover, it influences the choice of data that one wishes to
include in the inversion procedure.

Often the computation ab,u or D, &(u) by means of classical finite differencing
techniques is impractical due to the large number of parameters in realistic mod-
els. A solution of this problem is the adjoint method (Tarantola, 1984, 1988). It
allows us to obtain the first derivative by solving the original forward problem and
its adjoint problem only once, therefore being very efficient. As a consequence of
the continuously increasing computation power the adjoint method has received
much attention in many geo-scientific fields, such as for example meteorology (Ta-
lagrand & Courtier, 1987), geodynamics (Bunge et. al, 2003), seismology (Crase
et al., 1990; Igel et al., 1996; Tromp et al., 2005) or groundwater modelling (Sun,
1994).

For any application that employs the derivatiVgu it is important to know the type



of information that it contains. This is particularly true for inversion algorithms that
exclusively rely onD,&(u) and therefore o, u. Gauthier et al. (1986) used such

an algorithm (the method of steepest descent) for the purpose of acoustic wave-
form inversion in two dimensions. They discovered that the derivative of the least
squares objective function (the time integral over the squared waveform residuals)
primarily contains information about where the edges of parameter perturbations
are located. However, the interior of their famous 'Camembert’ shaped bulk modu-
lus perturbation could hardly be reconstructed during the inversion.

A particularly interesting aspect of the adjoint method is that it allows us to find
analytic expressions for the different sensitivities (one for each parameter) in terms
of Green’s functions. This directly leads to the formulation of sensitivity kernels,
i.e., volumetric sensitivity densities. Asymptotic approximations for such sensitiv-
ity kernels for body waves have been derived on the basis normal modes (Li &
Tanimoto 1993; Li & Romanowicz 1995).

The objective of this study is the analysis of sensitivity functionals, expressing the
sensitivity D,u in terms of a functional that is independently linear in the source
time function and the model perturbations. Based on the example of the acoustic
wave equation in an unbounded and homogeneous medium, we show that the first
derivative of the least squares objective function only contains information about
scatterers and reflectors. Traveltime information about a signal with a given wave-
length is not contained in the first derivative. A simple numerical example in two
dimensions confirms this result, which has important implications for any seismo-
logical waveform inversion procedure that is founded on the gradient method alone.
We find that even in the simple case of an unbounded, homogeneous, elastic medium,
the waveform sensitivity kernels corresponding to density perturbations exhibit sur-
prising complexity. Their shape depends on the source orientation, the observation
direction and the type of wave considered. In contrast to numerically computed ker-
nels the analytic kernels automatically decompose irtd?PP—S, S—P and S-S
kernels, meaning that they are sensitivity densities for different types of conversions
and therefore for different types of waveform residuals. The results derived from
an analysis of the sensitivity kernels in such a simplified scenario yield important
information concerning the types of waves that one should consider for a waveform
inversion.

The long-term objective of this study is to contribute to the development of a wave-
form inversion procedure based on the adjoint method and applicable on continental
or global scales. So far, waveform inversions applied to real data have mostly been
based on simplified forward problems or relatively small parameter spaces (e.g.,
Cichowicz & Green 1992; Marquering et al. 1996; Zielhuis & van der Hilst 1996).

Before we proceed, we will briefly review the principal results obtained in the first
of this series of two papers on the adjoint method in seismology (Fichtner et al.,
2005). Letu be a field defined in time and space and depending on a set of param-
etersp, i.e.,u = u(p;x,t). (In what follows, vectorial and potentially vectorial
guantities are in bold face.) We assume thas determined through a differential
equation complemented by an adequate set of subsidiary conditions. Alternatively



and equivalently one may consided#ferential operatorL. mappingu onto the
right-hand sidéh of the differential equation:

L(u;p,x,t) = h(x,t). (1)

The operatoil. itself may depend on timé, spacex and the parameter sgt
Solving the differential equation means to find an inversd.oft is usually an
objective functior®(u, p) defined oma andp, rather thanu itself that is of interest.

In seismology& may for example be a time integral over the difference between
an observed wavefield, and a synthetically generated wavefialdHere, we shall
assume that can be written as

¢(u,p) / /t fu,p)d®xdt = / /t (u,p)d*xdt =: (1, f(u,p)),

(2)
wheredG is the region of interest (e.g. the Earth) afndt, | the temporal observation
interval. The functionf must be specified for particular applications. Note that
for reasons of greater generality the objective funcitors assumed to depend
explicitly on both the observable and the parameters. Restricting our attention to
linear operatord., we found that the total derivative éfwith respect to the model
parameter in the directionp’ can be expressed as

Dpe<uv p) (p/) = <p/7 apf(ua p) + Lp(u’ lb)) ) (3)

whereL? is theparameter transposef L. Theadjoint field sy has to satisfy the
adjoint equation

L*(¢;p,x,1) + 0uf =0, (4)

and a set o&djoint subsidiary conditionsThe symbolL.“ denotes the transpose of
L with respect to the observable. For the two-dimensional scalar wave equation the
operatorL is

L(u; p, i, %, t) = pdfu —V - (uVu), (5)
The symbolg andu represent the density and shear modulus distributions, respec-
tively. The corresponding adjoint equation coincides with the original wave equa-
tion (5) because there is no dissipation involved. Moreover, the spatial boundary
conditions translate one-to-one from the original problem to the adjoint problem,

whereas the initial conditions translate to terminal conditions. Using the adjoint
wavefieldy one can compute the derivative of the objective functior (1, f):

Dp€(u)(p') = (¢, Opf = 0th Opu) + (1, O f +(Vu)- (V) p' = (0 4') . (6)

In the case of the elastic wave equation with attenuation the opédragor

L(w @, p,x,t) = p(x)02u(x, t) — V - /_ O:O ®(x,t —7): Vux,7)dr, (7)



with ® representing the fourth-order rate of relaxation tensor. The adjoint equation
for this problem is found to be

Lé(4; @, p, %, ) = p(x)02p(x, 1) — V - /_Z B(x, 7 — 1) : Vap(x,7) dr

(The sets of subsidiary conditions for both the original and the adjoint problem are
omitted here for brevity.) The operatbris not symmetric, meaning that it is not
identical with its transposk®. Again, using the adjoint wavefiell one can obtain

the derivative of¢ = (1, f) with respect to the parametgss

Diw,)€(u, ‘I’,P)((‘I’ p') = D,&(u, ®,p)(p') + Do €(u, @, p)(P’)
_/ /t to 5) Lf+Y(x,t)-0 (X,t)] dt d*x

t1— to t1
+// {a@er Vi (x,7) @ Vu(x, 7 —t)dr| dtd’x
t T=to+1
(8)

The symbol® denotes the tensor or dyadic produgt € b),;x; = a;;bx) and the
symbol:: the quadruple scalar produc (:: B = A, ;1 Bijki)-

2 Definition of the sensitivity functional

We define the sensitivitg to be the derivative of the physical observakle=
u(p; x, t) with respect to the model parameterén the directionp’ at some time
t = 19 and locationx = &,. In symbols:

(&0, 7o, P/) = Dpu(p; §, To)(pl) . 9)

The sensitivity is of particular importance when the solution of an inverse problem
in the minimisation sense can be approximated with gradient methods. They rely
on the derivative of the objective functiaghwith respect to the model parameters

p, Which is given by

Dy€&(u, p)(p') = 9.€(u, p)(Dpu)+0,€(u, p)(p') = 0,€(u, p)(s)+3,€(u, p)(p).
(10)

The sensitivitys is the only contribution td), & that is directly due to the change

of the observabla arising from a perturbation of the model parameijers

In order to obtain an expression ferwe choose a specific objective functién

which is equal to the—component of the wavefield observedat &, andt = 7y:

€s<u7 p) = és(u) =€ u(p; 507 TO) = ui(p; 5077—0) ) L= 17 2or3. (11)

Then the derivative o€, equals the derivative of the-th wavefield component,
that is D,&,(u)(p’) = D,u;(p’) = s,. When the parameter spagthas a finite



dimensionm < oo and basis vector&,, with k£ = 1, ..., m, then we find

D, @, (w)(&x) = Dyus(p: €0, 70)(60) = (61, L (0, %)) = —us(pi €. 70) . (12)

dp,
wherep, is thek—component of the elemept € P. Thus, the total derivative of
&, coincides with thgi, k)— component of the parametdacobian Our specific
choice of the objective functioéi, implies that the generatgt that links€&, to the
bilinear form(., .) (see equation (2)) is determined through

fs(u7 p) = fs(u) =€ - U-(p; X, t) 5(X - €0) 6(t - TO) ) (13)
Therefore the adjoint equation is
Lu(l/)u b, X, t) = _aufs(xv t) = —€ 5(X - 50) 5<t - 7—0) . (14)

The adjoint source is restricted to a single point in time and space, hamely to the
observation timer, and the observation poig},. Hence, by definitiong) is the
1—th Green’s function of the adjoint problem multiplied by,

Y(p;x,t) = —gi (p; &o, T0; %, 1), (15)

and therefore

si(€0, 7011, P') = —(p', L"(u, g})) . (16)
Consequently, one can compute Jacobians if the Green’s functions of the adjoint
problem are known. In the case of linear equations, the outstanding property of
Green’s functions is that they allow us to represent any solution by means of a
simple convolution with the source functidn(equation (1)). Here we léi be a
weighted superposition of spatial point sources with different directions and causal
source time functiofh:

3
h(X, t) = Z L€ 5(X — XO) h(t — to) , h(t)|t<0 =0, o, €eR. (17)

k=1
Thenu is determined through

o0

gk’(pa X0, th X, t— 7-) h(T) dr. (18)

3
U(X, t) = Qg
o f
Combining equations (16) and (18) yields
Si(£07 705 h7 p,)

3 00
= —ZO% /_oo<p/7Lp[gk(p;X0>t0;Xat_T)’g:(p;EO’TO;Xﬂ t)]) h(r)dr. (19)

k=1

The sensitivity component can be represented by a functiosa which is inde-
pendently linear with respect 4o andh, respectively. We will call this operator



thesensitivity functional

Ski(£07 705 h7 p/) == /_ <p/7 Lp[gk(p7 Xo, tOu X, t_T)a g: (pa 507 To; X, t)]) h<T> dr .
(20)
The symbot= denotes equality by definition. Thus,

3
5i(&0, 0 hap,) = Dpui(p;€077_0)(p/) = Z . Ski(&o, 03 Py P/)- (21)
k=1

Here we considered only one receiver and one vectorial source. It is however
straightforward to extend the concept of sensitivity functionals to multiple source/receiver
geometries and to fields set off by a dipolar source.

3 Example: The acoustic wave equation

This section concentrates on the sensitivity functional for an acoustic wavefield in
a homogeneous medium. Even though the problem is oversimplified, many of the
results translate to more complex cases that include elasticity and heterogeneity.

3.1 Sensitivity functional

The acoustic wave equation for the case of small density variations is given by
Llu; p] = p(x) Ofu(x, t) — Au(x,t) = f(x,1), (222)

with x € R3 andt € [to,t;] C R. The parametep is the squared inverse of
the phase velocityp = ¢=2. We complement equation (22a) by the regularity and
initial conditions

| l‘im u(x,t) = ‘ l|im dru(x,t) =0, (22b)
u(X, )<ty = Oru(x, t)]i<s, = 0. (22c)

The Green'’s function for equations (22) in the case ef const is

S((t = to) =[x —xol/c)

|x — x|

(23)

1
9(p; X0, to; X, t) = I

Since the acoustic wave equation operator is symmetric (e.g. Tarantola 1984), the
adjoint equation fop* is

P(x)0; g (D €0, 703 %, 1) — Ag™(pi €o. T3 X, t) = 8(x — €)o(t — 7o) (24a)



with the subsidiary conditions

lim g (pa 5077_07X t) - hm atg (p7 €U7T07X t) - O (24b)

|| —o0

(p, 5077'0,X, t>|t2t1 - atg (p7 6077—07X7 t)|t2t1 =0. (240)

In equations (24)&, is the observation point ang € [to,?;] is the observation
time of the original acoustic field. The solution of equations (24) for= const

is

1 6((0 — 1) — [x — &ol/c)
dm x — & .
It remains to assemble the building blocks (23) and (25) to form the sensitivity
functional S. The expression for the parameter transpb%és the same as in the
two-dimensional case. Therefore, we find

9" (p; &g, 103X, t) = (25)

S(&y,10: b, D) = / (', LP[g(p; %0, to; X, t — 7), 9" (93 &0, T0; X, 1)]) h(T) dT

= — /OO / / “(p; &g, To; X, )02 g(p; X0, to; X, t — 7) h(7) dr dt d*x
=—00 Jt R3
h(t —ty — |x —xo|/c)
(o —t) — |x — d°x dt.
2 t—to ]R3p [( 0 ) | EO|/ ] | £0||X XO|
(26)
The integral ovet is non-zero only if the condition
70 € [to+ [x = &gl/c, tr+[x = &ol/d] (27)

is satisfied. (Note that we already requise= [ty t1].) If relation (27) indeed holds,
we obtain

71[7'0 —to — (|x —xo| + |x — &)/l
|x — &ol[x — o

d*x

S(Egumhupf) = —(4;2 / P (x)
(28)

This is the derivative of the displacement field of an acoustic wave in a homoge-
neous medium with respect to= ¢ 2

3.2 Traveltime information

Due to the causality of the sensitivity functional is non-zero only if the relation
(T —to) = |x — Xo| + |x — & (29)

can be satisfied for some € R. This is possible only for(ry — tg) > |xo — &l
because(r, — ty) < |xo — &,| would violate the triangle inequality. Thus,

Dyu(p; &, 70)(0') =0, V 19 <to+|x0—&l/c. (30)



In other words: The derivative of the acoustic wavefieldith respect to the pa-
rameterp = ¢~ 2 in any directionp’ at some observation poidy is identically zero

prior to the first arrival which occurs at the time= ¢, + |xo — &,| /c. Consequently,

we can perturb the medium arbitrarily abd)u(p; &,, 70)(p’) will always be zero

prior to the first arrival ak = £,. However, we know that increasing the wavespeed
somewhere between sourcgand receiveg, will lead to earlier arrivals.

The resolution of this apparent paradox imposes significant constraints on the ap-
plicability of pure gradient methods in the field of waveform inversion. Assume
that the wave field:(p; x, t) is sufficiently smooth with respect toto allow its
expansion into a Taylor series,

1
ulp +p';x,t) = u(p; x,t) + Dyu(p; x,t)(p') + §D§u(p; xt)(p,p)+... (31)

(Note that the perturbatiopl = p/(x) does not need to be restricted to a point. It
can be spatially extended.) The unperturbed fidld x, ) and the perturbed field
u(p + p'; x, t) are both governed by an acoustic wave equation

(
(

Combining equations (32) and (33) and inserting the Taylor expansian we
obtain, correct to first order ifyy/||,

pOFu(p;x,t) — Au(p; x,t)
(p+p) Fulp+p;x,t) — Aulp +p';x, t)

Xo)h(t — to) s (32)

=0

X —
X —

pO; Dyu(p;x,t)(p') — A Dyu(p; x,t)(p') = —p'0Fu(p; x, t) . (34)

Equation (34) states that correct to first ordejfif{| the perturbed wave field(p+
p’;x,t) is given by the sum of the unperturbed wave fie(@; x, t) and the wave

field D,u(p;x,t)(p’). The latter is set off by secondary sources that act when the
unperturbed wave field reaches the perturbatior). The time when the sources

for D,u(p;x,t)(p’) act, is therefore independent of the actual perturbaii(x).
Consequently, correct to first order, the wave fiBld:(p; x, t)(p") must arrive later

at some poink = &, than the unperturbed field(p; x, t). The first derivative of

the displacement field with respect to the model parameters only accounts for
scattering caused by finite perturbations. This implies that traveltime differences
must be contained in higher derivatives. Hence, one may symbolically write

u(p+p';x,t) — u(p; x,t) = scattering (1st derivative)
+ travel time differences (higher derivatives) (35)

Note that equation (10) states that this property also influences the derivative of any
objective function&(u, p) with respect to the parameters. This phenomenon also
manifests itself in a simple numerical example (see figure 1) that is based on a finite
differences solution of the two-dimensional scalar wave equation

p(x) OPu(x,t) — V - (u(x) Vu(x, 1)) = g(x,1), x € G CR? (36)
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Fig. 1.Left: Perturbed density model. The reference model is homogeneous in both density
and shear modulug = 3.0 - 103 kg m=3, . = 75.0 - 10° N m~2). There are no shear mod-

ulus perturbationsMiddle : Derivative of the objective functio& with respect to density

for a dominant signal wavelength af = 14 km. Only the edges of the perturbation are
mapped byD,&. The interior of the density perturbation remains invisible. (The colorbar
only applies to the figure on the left because the amplitude of the derivatives are propor-
tional to the amplitudes of the signaRjight: D,¢& for \o = 40 km. Since the wavelength

is longer, the entire density perturbation acts as a scatterer. It therefore maps as one single
object into the derivative.

in a square region. The parameterand;. are density and shear modulus, respec-
tively. The upper boundary is free (no tractions), the lower boundary is rigid (no
displacement) and periodic boundary conditions are implemented on the left and
right boundaries. Ten receivers at a mutual distancé0dm are located along

the upper boundary. Their positions coincide with those of ten sources which radi-
ate a Ricker wavelet. Homogeneous density and shear modulus distributiens (
3.0-103kgm=3, u = 75.0 - 10° Nm~2) serve as references. The perturbed model
contains in its centre a square box where the density is reduced to a value of
2.75 - 10> kg m3 (see figure 1, left). The shear modulus distributigix) remains
unchanged. A time integral over the sum of all squared residuals is used as objective

function ¢:
1 10

E(u) = 5 kz::l /ttlto [u(xp, t) — uo(x, 1)]* dt . (37)

The wavefields: andu, correspond to the perturbed and the unperturbed mod-
els, respectively. As expected, the derivativeoivith respect to density depends
strongly on the dominant wavelength of the signal. Choosing, = 14 km results

in the derivative shown in the middle of figure 1. Rather than mapping the entire
box, the derivative is large only along its upper and lower edges. Those parts of the
perturbation act as reflectors for signals with a wavelength that is short compared
to the extension of the perturbation. Since it depends on the wavelength whether
a perturbation acts completely as scatterer or not, it is possible to map the entire
density perturbation by choosing a longer wavelength. The derivati¢axth re-

spect to density for the wavelengtly = 40 km is shown on the right of figure 1.

As predicted, the density perturbation is mapped in the form of a single gradient
contribution because it acts as one scatterer for this particular wave. Naturally, the
gradient peak is much broader due to the longer wavelength.
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A profound implication arising from the above considerations is that a waveform
inversion based exclusively on the first derivative of the wavefield or any associ-
ated objective function is not well suited for the determination of structure that
has a significantly longer wavelength than the signal. Consequently, the waveform
inversion must either be based on a more sophisticated iterative procedure that in-
cludes higher derivatives or it must be complemented by a conventional traveltime
tomography. That a waveform inversion requires a background model that explains
traveltimes sufficiently well has also been found by Crase et al. (1990) and Igel et
al. (1996).

4 Waveform sensitivity kernels in homogeneous isotropic media

Based on equation (20) one may approximate sensitivity functionals numerically
for almost arbitrarily complex media. However, in order to gain physical under-
standing it is important to analyse simplified problems that can be solved analyti-
cally. In the particular case of the wave equation in a homogeneous, isotropic and
unbounded medium, it is possible to demonstrate the complexities arising from
wave conversions which are due to perturbations in different parameters.
Consider the operatdr corresponding to the general wave equation (equation (7)).
By inserting the time-localised and isotropic constitutive relation

®(x,t) = ®O(x)0(t), By = Aij0m + pdindji + pududs . (38)
the operatolL and its displacement transpdse reduce to
L[u; p, A\, 1, X, 1] = pofu — (2u + A\)VV - u+ uV x (V x u) (39)
and
LY[4; p, A, i, X, t] = pdfep — (2u+ A VV -4p +uV x (V x 9).  (40)
The Lane parametera andy are assumed constant. Since the time-localised rhe-
ology eliminates anelasticity, becomes symmetric. Also based on (38), one finds

that the total derivative of the least squares objective funcfionth respect to the
parameterp = (p, A, ;1) and in the directiop’ = (o', N, i) simplifies to

t1

D) =—[ [ D o oudedx+ /, /;t N(V - )(V - ) dt dPx

/R3/t oM '[(Vap) = (Vu) + (Vo) : (Vu)']dt d°x . (41)

11



Here it is assumed that does not explicitly depend op. The sources of most
tectonic earthquakes can be approximated by a superposition of dipoles

fpq(x,1) = (€g+ Vi )d(x — X0)h(t — to) €,
= lim 1[5(){ —Xo +ce,) e, — 0(x — Xq) €] h(t — 1), (42)

e—0 ¢
wherefh is a causal source time function. Wigh(xo, t; x, t) the Green'’s function
for a single spatio-temporal point force actingkat x, andt = t, in the direction
of e,, the solution for thep, ¢)—dipolef,, is

gPQ(X0> lo; X, t) = (eq ' Vﬂ@o)gp(xov tO; X, t) . (43)

The symbol= denotes equality by definition. A general displacement field result-
ing from a weighted superposition of all possible dipoles can then be expressed in
the form

Z M,, / &po (X0, t: X, T — ) h() dr , (44)

P,q=1
where the scalar¥/,,, are the moment tensor components. A comparison with equa-
tions (18) to (21) suggests that the appropriate definition of the sensitivity func-
tional for the case of a dipolar source is given by the following set of equations:

3
Sn(s()a 705 h7 p/) = Z Mpquqn(€0a 705 h, p/) 9 (453)
pa=1
Spqn(EOa 705 h7 p/) = qun(ém 705 ha P ) + S;\qn(g(]a 705 ha N ) + qun(Em To; hv Ml) )
(45b)

oot
qun(gm 70, h7 pl> = / / /p,atgpq(xﬂ’ th X, t— T)

—o0 t=tg R3

-0 (&g, To; X, 1) h(T )dgxdt dr, (45c)

S &0 7030, N) = = [ / J NIV - gpalxo, oy x,t = 7)]

—oo t=tp R3

IV -gh (&g, T0;x,1)] h(T)dPxdtdr, (45d)

pqn(€077—07h ,U / / /,U Vgpq Xg, to; X, T — )]

—o0 t=tg R3

(Ve (&g, T0;%, 1) h(T) d*x dt d |

- 7 7 /u’[Vgpq(XoJo;th—T)]

—o0 t=tg R3

(Ve (&, 70;%, 1)) h(T) d®xdtdr.  (45€)
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Due to the simplicity of the problem it is possible to derive exact expressions for
the dipole Green's functions (e.g. Aki & Richards, 2002). Restricting our consid-
erations to the far field we may writg,, as a sum of an S-wave and a P-wave
contribution:

(5)~/(5)  1a(s) (s)
PFF . g v T
gpq <X07 to, X, t) - 47TpOé37’(s) r(s) 4 (t to o ) ) (463)

(s) (s) (s)
SFF . __Tq EEOVOR Y PR
gpq <X07 th X, t) - 4:7Tp537“(8) (ep T’(S) Vp > 0 (t tO ﬁ > . (46b)

The P—wave speedv and theS—wave speeds are /(21 + \)/p and/u/p, re-

spectively. The distance from the source8 = |x — xo| and~" =+ /r() is

the direction cosine measured from the source. The superscfpt with X = P

or X = S'is a reminder that this is a far field approximation. As a final building
block we require the adjoint Green’s functions. Since the adjoint wave equation
coincides with the original wave equation in the case of perfect elasticity, the ad-
joint Green’s functiong’, are identical to the original Green’s functions, the only
difference being that thg* have to satisfy the terminal conditions. Therefore we
find

1 ™ ()
* PFF ) _ (r) _
8n (€0> To; X, t) 47Tp0é27’(7ﬂ) r() Tn 0 < o +1 TU) ) (473)
* SFF xt) = — ™ o) s (" 4 47b
gn <€07 To; X, ) — 47Tp527’(7") €n — 7,(T) Tn 5 +t—=70) . ( )

with 1™ = (x — &,) and~" the corresponding direction cosines measured from
the receiver. Again, this is a far field approximation, which is justified when the pa-
rameter perturbations, \’ andy’ are several wavelengths away from both source
and receiver. However, if a perturbation is close to the receiver it becomes neces-
sary to include the near field terms in the adjoint Green’s functginsSSimilarly,
perturbations near the source will require the near and intermediate field terms in
g,q- Consequently, both the source and the receiver regions have to be excluded
from the considerations in the case of the far field approximation.

In the appendix it is demonstrated that the sensitivity functional for density pertur-
bations can be reduced to

>

St Ear i ho ) = = [ AEFT B (m— tg = 1) o — 0 0) 0

— 3a;FF-b;§FF .f.L.(TO—tO—T(S)/Ck—T(T)/ﬂ> d*x
R

- 3a§fF-b5FF i (To —to —r(s)/ﬁ—r(r)/co d*x
R

— Jang-bsFF ﬁ'(To—to—r(S)/ﬁ—r(T)/ﬁ> d>x .
"
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The contributions for the volumetric sensitivity kernafs”* andb) "', whereX
andY can beP or S, are given by

QPFF _ 7;(38)758) r(®) QSFF _ %53) o _ r(S)V(S)
2 47TPCY37’(S) r(s)”’ Pq 47?,0537“(5) p r(s) P )
(r)  p) 1 £
bPFF I bSFF - = L — (r) ' 49
" 4t palr() p(r) " 47 p32r(T) Cn = T (49)

Evidently, these factors just coincide with the radiation patterns of the original and
the adjoint Green'’s functions, respectively. In the case of perturbations ig@’tam
parameters the corresponding expressions will become more complex. Note that
the causality of the source time functi@nimplies that all sensitivity functionals

for density with kernels

RZ)?(;]:Y — _a;ZFF X b;/FF (50)

are identically zero if the observation timgdoes not satisfy the condition
ngto%—r(s)/cx—l—r(r)/q/, Cp=0a,c=0. (51)

This is again a manifestation of the fact that the first derivativé ahd therefore

the sensitivity functionals do not contain traveltime information. The observation
time has to be larger than the time required for a wave in the unperturbed medium to
travel from the sourcg, to a perturbation at and from there to the receiver &gj.

The volumetric sensitivity kernels themselves are not dependent on time. However,
only those regions of them are sampled where the expression

F(ro —to =7/ —r"/3) (52)

is non-zero. The existence of four kernels is the consequence of possible conver-
sions from P-waves to S-waves and vice versa.

Superpositions of two dipoles (double couples) are of particular interest in seismol-
ogy. They can be used to approximate sources corresponding to slip across a fault
plane. The number of possible sensitivity kernels in the case of a double couple
source is36 for each one of the parametessy and \. There are3 observation
directionsn (n = 1,2, 3), 3 distinct double couples%, ¢) = (1,2), (1, 3), (2, 3)),

and4 different types of kernels (BP, P—S, S—P, S—S). Figures (2) to (5) show
iso-surfaces of th&6 kernels corresponding to density perturbations. They are
plotted for values otts - [(600km)? - (4mpc),) - (4mpc;)] ', where the scaling
factor s is given in the sub-figure titles. The velocity, is « = 5kms™! for the

P—Y kernels andi = 5/\/5 kms! for the S—Y kernels. Similarly,c, is o for

the X—P kernels andg’ for the X—S kernels. Source and receiver are located at
(x,y,z) = (200, 500,500) km and(z,y, z,) = (800,500,500) km, respectively.
Black lines intersecting at the source indicate the directiossdg.

Despite the simplicity of the problem, the sensitivity densities reveal a considerable
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Fig. 2. Iso-surfaces of the sensitivity kernelsa/ ./ - b/*'"" plotted at values of
+5-[(600 km)2 - (47 pa?) - (47pa?)] 1, where the scaling facteris given in the sub-figure

titles. Yellow denotes positive and blue negative values. Wave speeds aré kms ™!

and3 = a/v2kms!. The source is located &t,y,z) = (200,500,500) km and the
receiver, marked by a star (*), is @t, y, z) = (800, 500, 500) km. Black lines intersecting

at the source indicate thigq)-plane. The index represents the observation direction. The
sensitivity kernels plotted in the first rowl( 2)-couple) have expected correspondences in
the second row((, 3)-couple). It is noteworthy that there are significant sensitivity contri-
butions between source and receiver only if one of the two source dipoles points towards
the receiver. Therefore, in the case of tRe3)-couple the sensitivities practically vanish

in the region between source and receiver. Large sensitivity contributions in regions behind
source or receiver and far away from the line connecting source and receiver arise if the
observation direction does not point toward the source.

complexity. As expected, they depend on both the observation direciom the
source orientatiofipg). In general, all the sensitivity densities are small along the
line connecting source and receiver. This has important consequences: Assume that
we observe a waveform difference in the direct wave (either P or S) that is due to
a density perturbation. (Of course, in practice we may not know the character of
the perturbation. This is a gedanken experiment.) Then we know that this density
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Fig. 3. The same as figure 2 but for the sensitivity kerred§ """ - b2** (P to S conver-

sions) plotted at values ofs - [(600km)? - (47pa?) - (47Tpﬁg)]_l. The scaling factos

is given in the sub-figure titles. Symmetries between the first fdw2{-couple) and the
second row ({1, 3)-couple) are again due to choosing the line connecting source and re-
ceiver as parallel to the-direction. In general the sensitivity densities are small near the
region between source and receiver. This effect is especially pronounced in the case of the
(2,3)-couple, as already observed for the-P kernels shown in figure 2.

perturbation must be located somewhere along the line (or more generally the ray)
connecting source and receiver. If it were not located on that line, the secondary
wave emanating from that density perturbation would arrive later and therefore not
translate to a waveform change of the direct wave, at least if its temporal bandwidth
is sufficiently short. However, the sensitivity kernels for density perturbations are
small or even zero on that line. But there are two exceptions, namely the source and
the receiver regions where all sensitivity kernels have a singularity. Thus, we can
conclude that the density perturbation is very likely to be located near the source or
receiver because if it were located somewhere else along the source-receiver line, it
would have to have a very large and probably unrealistic amplitude. Consequently,
one may want to exclude direct waves from a waveform inversion because the cor-
responding residuals will map almost exclusively into the source and receiver re-
gions. Alternatively, one could use the direct wave but at the same time exclude the
source and receiver regions from the inversion by setting the derivatives there to
zero.

Another important aspect of figures 2 to 5 is their scaling. The values of-thie P
kernels are proportional to—3a~2, whereas the other kernels have values propor-
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Fig. 4. The same as figure 2 but for the sensitivity kernedg"*" - bL'¥'*" (S to P con-
versions) plotted at values efs - [(600 km)? - (47p33) - (47Tp04%)]_1. The scaling factor

s is given in the sub-figure titles. As expected from the source-receiver asymmetry of the
sensitivity kernels, there are no similarities between thd”Sernels and the-PS kernels
shown in figure 3. Generally, the sensitivity densities are small in the region between source
and receiver, the only exceptions being th21) and the(131) kernel.

tional to 3372 (P—S), 5 3a~? (S—P) and333-2 (S—S), respectively. The
implication for any waveform inversion is that S-wave residuals dominate and that
P-wave residuals are suppressed, therefore potentially leading to an unbalanced ex-
ploitation of information contained in a seismogram. Waveform residuals due to a
perturbation in\ will be comparatively small because they are pure P-wave resid-
uals.

In figure 2 we observe that th&, 2)-double couples correspond to kernels for the
(1,3)-double couples with different observation directions. This symmetry arises
from choosing the source-receiver line parallel to thdirection. Similar corre-
spondences can be found for the:B, S—P and S-S kernels. Since the sensitivity
kernels for density are just a product of the radiation pattern of the source double
couple and the radiation pattern of a single force pointing in the observation direc-
tion, they can directly be interpreted in terms of these patterns(THeg-kernels

in figures 2 and 3 must vanish on the source-receiver line because the P-wave am-
plitude along this line is zero.

Similar arguments can be found for the-® kernels in figure 4. Thél, 2)- and
(1,3)-double couples do generate S-wave motion between source and receiver.
However, a P-wave set off by an S-wave incident on a density perturbation lo-
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Fig. 5. The same as figure 2 but for the sensitivity kerrel§/*" - by plotted at values

of £s - [(600 km)? - (47pB33) - (47pB3?)]~L. The scaling factos is given in the sub-figure
titles. Again, most of the sensitivity densities are concentrated in regions around source or
receiver. Significant contributions along the line connecting source and receiver can only
be observed in the cases of t{fi®2) and(133) kernels.

cated somewhere on the source-receiver line, has zero amplitude along that line.
This is because the incident S-wave acts as a single force i thiez-direction,
respectively.

Generally, the sensitivity kernels corresponding\tandy do not allow such sim-

ple interpretations because they are the products of more complicated patterns.

At this point one may conclude that one general feature of the density sensitiv-
ity kernels involving S-waves (primary or secondary) is that they are collectively
small or even zero between source and receiver. So far however, we considered
only very specific geometries, namely those where the dipole directions coincide
with the coordinate directions. A different set up is presented in figure 6 for the
case of P»S kernels. The source-receiver line has been rotatedbhyso that

the source is now located at,y, z) = (300, 300,500) km and the receiver is at
(x,y,2) = (724,724,500) km. Despite this modification, the-PS kernels shown

in figure 6 do not differ much from those presented in figure 3. Only the size of the
lobes changes and they are curved towards either source or receiver. The general
feature, namely the fact that they vanish in the region between source and receiver,
remains.

Finally, we consider the sensitivity kernels corresponding to the parametard

A. A perturbation inu is expected to set off both a secondary S- and a secondary
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Fig. 6. The same as figure 3 but with the source and the receiver located at
(z,y,2) = (300,300,500) km and(z,y, z) = (724,724,500) km, respectively. Symme-

tries between the first row({, 2)-couple) and the second roWl(3)-couple) as observed

in figure 3 do not exist. In general the sensitivity densities are small in the region be-
tween source and receiver. This effect is again especially pronounced in the case of the
(2,3)-couple.

P-wave. In particular we find that the far field sensitivity kernels/fare given by

pgn

ME—Y — _A]))ZFF : B}:FF . AZ)?ZFF : (BnYFF>T 7 (53)

where X andY denote eithelS or P. It is demonstrated in the appendix that the
cartesian components of the second-order ten&gfs” andB) " are

(5) ~ (8) 2, (5) 4 (8) (8)~(5)
prr\ _ Jp g Vi srr\ g T L (8) (9
(qu )ij o 47Tp0_/47“(3) (qu )ij B 47Tpﬁ4r(5) (6”) T Ty ) ’
(r) (1) o (r) (r)
prrY _ T Vi n sFrr\ _ i N O (!
(B" >ij ~ dmpadr) (B” >ij  ArpB3r() (53” T3 Tn ) ’

(54)

It is not possible to interpret these kernels simply in terms of multiplied radiation
patterns. Their maximum values are a factorof 3! smaller than the maximum
values of the sensitivity kernels for density.

From equation (45d) we see that a perturbation will not create any secondary
far field S-waves because the divergence of the adjoint S-wave Green’s function
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has no far field contribution. Since the same is true for the original S-wave Green’s
function, there is only one sensitivity kernel farfor the different double couple
orientations and observation directions:

LIr = —al FbiT . (55)

FF FF §
The scalars,,,” andb, ™ are given by

FF %()s),y(gs) pEF — T(LT) (56)

P4 Arpadr(s)” " Awpadr™)

See the appendix for a detailed derivation. The general characteristics of the sensi-
tivity kernels for density translate to the kernels foand\. In particular, they are
small in the region between source and receiver.

5 Discussion

The sensitivitys is defined as the first derivative of an observaklp) with respect

to the model parametegs It can be expressed by the Green’s functions of the orig-
inal and the adjoint problem (e.g. Tarantola, 1984, 1988; Talagrand & Courtier,
1987; Sun, 1994; Bunge et al., 2003). An analysis for the case of the acoustic wave
equationp 9?u — Au = f led to the result that the sensitivity¢,, 7o) vanishes for
timest, that are smaller than the arrival time of the first wavefront at the observa-
tion point&,. This is true for all possible differentiation directions (perturbations)
dp(x) and in particular for those that would lead to earlier arrivals. Information
about traveltime anomalies must therefore be contained in higher derivatives of the
wavefield.

This characteristic influences the total derivative of an objective fun¢tiaith re-

spect top through equation (12). Whetis chosen to be the least squares objective
function defined in equation (37) theén, & only detects the edges of a perturbation

if the signal wavelength is too short. The interior of the perturbation remains ’in-
visible’ (Gauthier et al. 1986). However, choosing the signal wavelength several
times longer than the dimension of the perturbation, causes the perturbation to act
as a diffractor and therefore it maps into the derivative as one single but relatively
broad peak. It can be concluded that such a waveform inversion relies on a suffi-
ciently precise background model in order to guarantee that the remaining param-
eter differences between the true Earth model and the numerical model merely act
as scatterers. The background model can be obtained by a conventional traveltime
tomography. Alternatively one could start with very long wavelengths which then
successively decrease in the course of the waveform inversion.

The extent to which the lack of traveltime information in the sensitivity maps to
the properties of the derivative of an objective funct®depends on the definition

of € itself. Luo & Schuster (1991) explicitly introduced traveltime differences into
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the objective function. Their approach overcomes the problem that only the edges
of perturbations are detected but it also results in a lower resolution.

Pratt et al. (1998) proposed to use also the second derivative of the least squares
objective function to solve the minimisation problem. They demonstratedi/#t
multiplied by the inverse Hessian images a perturbation better fhahalone.
However, the calculation and inversion of the second derivative is computationally
too expensive for sufficiently realistic Earth models.

The problem of missing traveltime information could alternatively be circumvented
by using Monte Carlo methods in order to minimise the objective function. This
approach relies on the evaluation of a large number of parameter space elements
p € P and it therefore becomes impractical if the solution of the forward problem
is as time consuming as it is in seismology.

It is important to note that sensitivities and first derivatives in general are physically
meaningful only if the problem is either linear or if it can be reasonably linearized.
The latter requires that the reference model be sufficiently close to the true model
so that parameter differences only act as scatterers. If significant non-linearities re-
main, the first derivatives af andu only bear insufficient information.

Dipolar sources are of particular interest in seismology because they allow us to
represent the sources of most tectonic earthquakes observed at great distances from
the source region. By considering the elastic wave equation in an unbounded homo-
geneous medium we found that the sensitivity kernels for each parameter (density
p and the two Lara parameters and)\), decompose into four summands to which

we referred as PP, P—S, S—»P and S-S kernels. The XY kernels, where X

and Y are either P or S, may be interpreted in terms of secondary Y-waves set off by
a primary X-wave incident on a parameter perturbation. Generally, the sensitivity
kernels can be represented by a product of two factors. In the case of the sensitivity
kernels for density, the two factors correspond to the radiation patterns of the for-
ward field and the adjoint field, respectively. The factors involved in the sensitivity
kernels for\ and;. are more complex than the normal radiation patterns of elastic
waves.

All sensitivity kernels exhibit singularities at the source and receiver and are small
in the region between them. This together with the fact that the first derivative only
accounts for scattering implies that waveform residuals of the direct waves (P or
S) will almost exclusively map into the source and receiver regions. Therefore one
should exclude either the direct waves or the source and receiver regions from the
inversion procedure.

Some of the sensitivity kernels are almost restricted to regions behind the source
or receiver. Consequently, one may wish to exclude these unfavourable source-
receiver configurations from the inversion. This requires information about both
the source orientation and the waveform that one attempts to reconstruct. Good
quality information about the source orientation is usually available. It is however
practically impossible to identify a waveform residual as being due to a particular
X—Y conversion arising from parameter differences between the true Earth model
and the numerical model.

In the same context we also found that the S kernel is larger than the-SP and
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P—S kernels, which in turn are larger than the:P kernels. Since this is true for

any parameter perturbation, with the exception of perturbationsshich do not
involve S-waves, we conclude that waveform changes corresponding to the S ker-
nels dominate those corresponding to the pure P kernels. This implies that S-wave
residuals, i.e., residuals with zero divergence, will dominate the misfit functional
or objective function. The implications of such an unbalanced use of waveform
information on the actual inversion outcome certainly need further investigation.
Generally it can be expected that variationshinvill be more difficult to detect

than variations i or p because they do not generate S-waves. One may correct
for this effect of S-wave dominance by including measurements of rotational mo-
tion that allow to separate P- and S-wave motion (e.g. Nigbor, 1994; Pancha et al.,
2000; Igel et al., 2005). Alternatively, one could only consider the waveform of the
direct P wave, therefore minimising the influence of S-waves. This would unfortu-
nately eliminate the major advantage of waveform inversion, namely the possibility
of accounting for a maximum of information contained in a seismogram.

Most of the results obtained in the course of this study are based on very simple
models that are not realistic. But still, since the deduced phenomena have funda-
mental character one can assume that they will also be present in more complicated
scenarios.

An adjoint method based waveform inversion should also be viewed in the context
of seismic inversions based on ray theory and truncated normal mode expansions
(e.g. Masters et al., 1996; Grand, 1997éduin & Romanowicz, 2000; Kennett

& Gorbatov, 2004). Seismic imaging based on ray theory relies on a dense sam-
pling of the regions of interest because ray traveltime sensitivities are in theory
spatially restricted to the ray. Therefore, a localised traveltime anomaly will not be
visible if there is no ray that penetrates it. However, sensitivity off the ray path can
be artificially introduced through a parametrization of the model with sufficiently
extended basis functions and through regularization. This produces smoothed in-
homogeneities that may influence ray paths that are unaffected by a rough and
spatially less extended inhomogeneity. Normal modes map local effects into global
ones. This is an advantage because the normal mode waveforms, obtained by a fi-
nite summation over global basis functions contain information about every point
inside the Earth. This, however, affects the resolution negatively. If based on the
adjoint method, waveform inversion is in that sense between the two extremes of
ray theory and normal modes. Depending on the particular sensitivity distribution,
a parameter perturbation can be observed even if there is no ray passing through it.
But still, this parameter perturbation will not have a global effect as it would if the
synthetic seismograms were computed via a truncated normal mode expansion. The
fact that the first derivative of the observed wavefield with respect to the parameters
does not account for traveltime differences determines the possible applications of
an adjoint method based waveform inversion. It may for example be used to deter-
mine the sharpness of discontinuities such as those caused by phase transitions in
the Earth’s mantle. Other regions where such a waveform inversion may be useful
include the thermal boundary layers, i.e., the crust and D”, where one may expect
more short wavelength heterogeneity than in the remaining mantle.
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6 Conclusions

Departing from the definition of sensitivity functionals that allow us to express the
sensitivity in terms of Green'’s functions, we found that the first derivative of an ob-
served wavefield with respect to the model parameters does not account for travel-
time differences. The direct consequence is that a gradient-method based waveform
inversion relies on an accurate background model. This background model may ei-
ther be obtained through a conventional traveltime inversion or by using longer
wavelengths. In the case of elastic wavefields set off by dipolar sources we saw that
the surprisingly complex shape of waveform sensitivity kernels depends strongly
on both the source orientation and the observation direction. The fact that most
kernels vanish in the region between source and receiver implies that one should
exclude either the direct waves or the source and receiver regions from a waveform
inversion. The effect of S-wave residual dominance may significantly affect the in-
version outcome, therefore posing the problem of exactly characterising different
wave types in a seismogram. This may in the future be accomplished by including
rotational measurements that allow a separation of P- and S-wave motion. Possible
applications of the adjoint method in the context of waveform inversion include
the imaging of smaller scale structures that act as scatterers and which cannot be
resolved by ray tomography or inversions based on truncated normal mode expan-
sions. Moreover, it may be possible to determine the sharpness of discontinuities
with increased accuracy.
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A Sensitivity kernels

We begin with the derivation of the sensitivity kernels for density. The kernels
corresponding to the parameterand;, can be derived in a similar way. Inserting
the expressions of Green’s functions in equations (46) and (47) into the density
sensitivity functional given in equation (45b) yields

oo t1

qun(g()?TO; h7 P/) = / / /Zpl a;leF : bXFF(S (t — T — 1 — T(S)/CX>

oo t=tg R3 %>V

0 (r ey +t—7) h(r)drdtd®x, (A1)

where the summatiol y - is over the four possible combinations &f = P, S
andY = P,S. Moreover,cp = a andcg = 3. The vectorsaX " andb) """ are
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defined by

alFr — ) QSFF _ W o r(s)y(s)

Pq 4 padr(s) pls) pq 47 p33r(s) rs) ')
() . R

PEE = SFF _ - r oo

Integration with respect to gives

t1

pqn(50)7—07 h p / /Z p/ aXFF bYFFh( to — T(S)/CX)

t=to R3 XY

o (r ey +t—m) dtdx. (A.3)

The remaining integral is non-zero only if the observation tigsatisfies the con-
dition

To € (to + T(r)/Cy, tl + T(T)/Cy) . (A4)
Note that we also requirg € [to,t;] which means that the observation time must
be in the observation interval. Assuming that (A.4) is satisfied, we obtain

pqn(50’7—07 h P /Z p/ XFF bZFF h (7_0 — ity — ’I“(S)/CX . T(r)/Cy) d3X'

g3 XY
(A.5)

The causality of the source time functiénimplies thatS?, . is non-zero only if

T0 Zto—FT(S)/Cx—FT(r)/Cy. (AG)

The integrations in the case of the sensitivity functionalf@re identical to those
outlined for the density sensitivity functional. It therefore suffices to derive the
kernels themselves. For the gradients of the different Green’s functions we find

Vel (xo,to; x, t) = — AP S(t —to — 1) ), (A7a)
VESFF (x0, to; x, 1) L —ASFF (8 — 1 — 9/ 3), (A.7b)
Vg PP (xo, 10; %, t) = BEFE () Joo 4+t — 1) (A.7c)
Vg, SFF(Xc), To; X, 1) = BEFF S(T(r)/ﬁ +t—7), (A.7d)

where F'F' indicates that all near field terms generated through the differentiation
have been neglected. The cartesian components of the second-orderﬁejj’éﬁrs
andBY " are given by

(8) ~/(8) 4/ (3) 1 (3) (8) A/ (5)
(AT, = i (), = g (G = 178)
() (1) o (r) (r)
(BiFF)ij - ijé?)r(z) ’ (BsFF)ij - 47r;?537~<r> (5 79( )%(1 )) :
(A.8)
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These tensors must be multiplied according to equations (45e) and (53) in order to
give the sensitivity kernels. The sensitivity functional fois substantially simpler

than the ones fop andy due to the fact that the divergence of all S-wave Green’s
functions has no far field component. For the P-wave Green'’s functions we find

Vgl (xg,t; %, 1) 2 —alT §(t —tg — ) a), (A.92)
V- gi PP (x, 0%, 1) E 0T S(r D fa 4t — 7). (A.9b)

mn

The two scalars, " andb, " are

77 FF v
=P 9 bt = —" A.10
A patr(s) " 47 pasr(r) ( )

FF __
pq
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