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nferring earth structure from combined measurements
f rotational and translational ground motions
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ABSTRACT

We introduce a novel variant of seismic tomography that is
based on colocated measurements of rotational and transla-
tional ground motions. Our aim is to assess whether rotations
may be incorporated successfully into seismic inverse prob-
lems to produce better resolved and more realistic tomogra-
phic images. Our methodology is based on the definition of
apparent S-wave speed as the ratio of rms velocity and rota-
tion amplitudes. The principal advantages of this definition
are that �1� no traveltimes measurements are needed and �2�
the apparent S-wave speed is independent of source magni-
tude and source timing. We derive finite-frequency kernels
for apparent S-wave speed by using a combination of the ad-
joint method and ray approximation. The properties of these
kernels as a function of frequency bandwidth can be illustrat-
ed along with their usefulness for seismic tomography. In
multifrequency synthetic inversions, we consider local cross-
hole tomography and regional-scale earthquake tomography.
Our results indicate that S-wave speed variations can be re-
trieved accurately from colocated rotation and translation
measurements, suggesting that our methodology is a promis-
ing extension of conventional seismic tomography. Further,
apparent S-wave speed can be used to increase vertical reso-
lution in teleseismic tomography for local structures.

INTRODUCTION

Highly resolved tomographic images are essential for a variety of
pplications, ranging from global-scale geodynamics to local-scale
ngineering and exploration. There are two general strategies to im-
rove seismic tomography: �1� develop more elaborate modeling
nd inversion techniques, such as finite-frequency tomography �e.g.,
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oshizawa and Kennett, 2004� or nonlinear full-waveform inver-
ion �e.g., Fichtner et al., 2008� and �2� incorporate previously unex-
loited data such as surface-wave amplitudes, exotic phases, and
easurements of seismically induced strain �e.g., Mikumo and Aki,

964� or rotations. In this paper we focus on possible improvements
o seismic tomography through incorporating rotation measure-

ents.
Observation of seismically induced rotational ground motions is

ecoming increasingly feasible and reliable thanks to recent devel-
pments of high-precision rotation sensors �e.g., Schreiber et al.,
006, 2009�. Several authors report rotations excited by teleseismic
aves �e.g., Pancha et al., 2000; Igel et al., 2005, 2007; Cochard et

l., 2006�. Reports of rotational ground motions recorded in the near-
ource region can be found in Nigbor �1994�, Takeo �1998�, Nigbor
t al. �2009�, Lee et al. �2009�, and Wassermann et al. �2009�.

Seismically induced rotational ground motions contain informa-
ion about the structure of the earth. For example, Igel et al. �2005,
007� and Cochard et al. �2006� infer local phase velocities from
olocated measurements of translations and rotations. Wang et al.
2009� and Stupazzini et al. �2009� use the amplitude ratio between
ransverse motion and rotation rate �vertical axis� to identify low-
ubsurface velocities associated with sedimentary basin structure.
ham et al. �2009� use rotational signals in the coda of P-waves to
onstrain crustal scattering. They exploit the fact that rotational mo-
ions around the vertical axis are predominantly sensitive to SH mo-
ions. Based on full ray-theory modeling, Ferreira and Igel �2009�
emonstrate a clearly observable effect of near-receiver heterogene-
ties on rotational motions of Love waves, suggesting they can be
sed systematically to infer earth structure.

A first step toward solving structural inverse problems by using
easurements of rotational ground motions has been taken by Ficht-

er and Igel �2009�. They study apparent S-wave speed � a, defined
s the ratio of rms translational velocity �V�2 and rms rotation ampli-
ude ���2 of a seismic phase or waveform:

� a�xr��
�V�xr��2

���xr��2
. �1�
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WCD42 Bernauer et al.
ere, V�xr� denotes the displacement velocity at position xr; � is the
url of u, i.e., � � � �u; and � . �2 is the �2-norm. Apparent S-wave
peed is defined most suitably for windowed portions of a seismo-
ram, where the rms rotation amplitude ��� is significantly nonzero.
e understand that the windowing of translational and rotational re-

ordings is identical. Although Fichtner and Igel �2009� apply win-
ows around body and surface waves, our study focuses on body
-waves only.
Several properties of � a are particularly interesting in the context

f structural inverse problems. First, traveltime measurements are
ot needed to determine � a. Second, for a body S-wave in an un-
ounded and homogeneous medium, � a is equal to the true S-wave
peed, i.e., � a�� . This suggests that � a contains directly observ-
ble information about earth structure. Third, � a is independent of
ource timing and source magnitude — two parameters that often are
oorly constrained. Fourth, as demonstrated by Fichtner and Igel
2009�, the sensitivity of � a to true S-wave speed � is largest in the
ear-receiver region. This contrasts with sensitivities for traveltimes
r amplitudes that are nonzero in a volume around the entire raypath
Dahlen et al., 2000; Dahlen and Baig, 2002�.

The characteristics of apparent S-wave speed suggest that it can
e used for local tomography for active and passive sources. Infer-
ing earth structure from measurements of � a may complement clas-
ical receiver function studies and local earthquake tomography in
egions with little or no seismicity. Applications to engineering or
xploration problems can be envisioned equally.

In this paper, we explore how apparent S-wave speed � a may be
sed to solve structural inverse problems. Our principal objectives
re to develop an efficient tool to compute sensitivity kernels for � a

easured on body S-waves and to use them in synthetic inversions
or near-receiver structure.

We begin our paper with the theory for computing sensitivity ker-
els using a combination of the adjoint method and ray approxima-
ion. Then, we show sensitivity kernels for � a measurements in dif-
erent frequency ranges and compare them to the kernels for mea-
urements of rms velocity and rms rotation. In the synthetic inver-
ions, we focus on applications to local-scale crosshole tomography
nd regional-scale earthquake tomography.

RAY-THEORETICAL COMPUTATION
OF SENSITIVITY KERNELS

heory

We combine the adjoint method with ray theory to compute sensi-
ivity kernels for � a. The adjoint method �e.g., Lions, 1968; Taran-
ola, 1988; Tromp et al., 2005; Fichtner et al., 2006� allows us to
void the lengthy expressions and approximations of scattering the-
ry used for the same purpose by Yomogida and Aki �1987�, Yo-
ogida �1992�, Dahlen et al. �2000�, and Dahlen and Baig �2002�.
he resulting formulas can be solved efficiently, and they are correct
ithin the well-known validity range of ray theory �e.g., Červený,
001�. This simplification does not impose restrictions in the context
f our study because we focus on the direct S-wave phase and gener-
lly consider media with sufficiently smooth heterogeneities.

From the quotient rule applied to the definition of equation 1, we
educe that the relative sensitivity density of � a with respect to � ,
enoted by � a

�1� �� a�� � ln � a, can be expressed in terms of the
ensitivity densities of �V�2 and ���2:

� ln � �� ln�V� �� ln��� . �2�
� a � 2 � 2

Downloaded 03 Feb 2010 to 141.84.9.25. Redistribution subject to S
For notational brevity we omit the dependencies on xr wherever
ossible. The principal result of the adjoint method is that sensitivity
ensities can be written as time integrals that involve the forward
eld u and an adjoint field � . In the special case of the sensitivity
ensities � � ln �V�2 and � � ln ���2, we have

� � ln�V�2�2�� �1�
T

�̇ V ·Vdt �3�

nd

� � ln���2�2�� �1�
T

�̇ � ·Vdt, �4�

here � V and � � denote the adjoint fields corresponding to mea-
urements of �V�2 and ���2, respectively, and where T is the time in-
erval from the source origin time to the end of the observation. The
egular velocity field V is governed by the elastic wave equation:

�ü� � · �C:�u�� f, �5�

here C and f denote the fourth-order elastic tensor and an external
orce density, respectively. The displacement u and the displace-
ent velocity V are related through V� u̇. We omit viscoelastic dis-

ipation because its effect on the shape of sensitivity kernels is negli-
ible. Adjoint fields � V and � � are determined as the solutions of an
djoint wave equation that is equivalent to the regular wave equa-
ion:

��̈ V� � · �C:�� V�� fV, ��̈ � � � · �C:�� ��� f� .

�6�

ere, fV and f� are the adjoint sources for � V and � �, respectively.
In contrast to the initial conditions of the regular wave equation,

he adjoint wave equations are complemented by homogeneous ter-
inal conditions. They require that the adjoint field be zero at any

ime after the end of the observation time span �e.g., Tarantola,
988�. As demonstrated by Fichtner and Igel �2009�, the compo-
ents of fV and f� are given by

f i
V�x,t�� �u̇�xr��2

�2üi�xr,t�� �x�xr� �7�

nd

f i
��x,t��� ���xr��2

�2�ijk�k�xr,t�
�

�xj
� �x�xr�, �8�

here �ijk denotes the Levi-Civita alternating symbol. Thus, both ad-
oint sources act at the receiver location xr, and their temporal evolu-
ion is determined by the observed acceleration and rotation fields.
nterestingly, f� corresponds to an antisymmetric moment tensor
ource that does not radiate far-field S-waves. This highlights the
urely mathematical and abstract nature of the adjoint fields and
heir sources.

Instead of solving the regular wave equation 5 and adjoint equa-
ions 6 numerically, as done by Fichtner and Igel �2009�, we use ray-
heoretical solutions that are valid in the absence of caustics and
trong heterogeneities:

u�x,t��A�x�s�t�Ts�x��, �9�

� V�x,t��AV�x�sV�T �x�� t�, �10�
r
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Seismic rotation tomography WCD43
� ��x,t��A��x�s��Tr�x�� t� . �11�

he vectors A, AV, and A� incorporate the amplitudes and polariza-
ions of the different fields, and the functions s, sV, and s� represent
heir respective waveforms. The traveltime field Ts is measured from
he regular source of the forward field, and the traveltime field Tr is

easured from the receiver. Note that the term �Tr� t� appears in
he expressions for � V and � � as a consequence of the terminal con-
itions. We abstain from a detailed discussion of ray theory because
t can be found in standard textbooks �e.g., Červený, 2001; Aki and
ichards, 2002�.
Combining equations 2–4 and 9–11 yields the following working

ormula for computing the sensitivity density � � ln � a as a function
f position x:

� � ln � a�x���2
��x�
� �x�

A�x��KV�x��K��x��, �12�

ith

KV�x��AV�x�� ṡV�Tr�x�� t�ṡ�t�Ts�x��dt �13�

a)

b)

c)

�� ��V V

� �� a � �� a

x x
� �

� �

�� ��

igure 1. Sensitivity kernels for �a� rms rotation ���2, �b� rms veloci
erent frequency bandwidths of the recorded velocity waveform. Th
he sensitivity kernels.All sensitivities are with respect to � . The sou
Downloaded 03 Feb 2010 to 141.84.9.25. Redistribution subject to S
nd

K��x��A��x�� ṡ��Tr�x�� t�ṡ�t�Ts�x��dt . �14�

Equations 12–14 suggest the following simple recipe for comput-
ng the sensitivity kernels � � ln � a:

� Compute the ray-theoretical solution �equation 9� of the regular
wavefield u, traveling from the source to the receiver.

� Use this solution to determine the adjoint sources from equa-
tions 7 and 8.

� Compute the regular wavefield plus the adjoint wavefields
�equations 10 and 11� at a point x in space by solving the ray-
tracing and dynamic ray-tracing equations.

� Assemble the sensitivity kernel according to equations 12–14.

xamples

We illustrate how to compute sensitivity kernels for a medium
ith a linear velocity gradient from � �3.2 km /s at the surface to
�5.5 km /s at 350 km depth �Figure 1�. The sensitivities of the

ms rotation � � ln���2 and the rms velocity � � ln�V�2 exhibit a well-
nown dependence on the frequency bandwidth of the signal. Com-
aratively narrow-frequency bands generate broad kernels with sig-

�� V

� �� a

x
�

� � �

��

, and �c� apparent S-wave speed � a. The columns correspond to dif-
imposed curves are normalized horizontal and vertical cuts through
t 250-km depth, and the receiver is near the surface.
�

ty �V�2

e super
rce is a
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WCD44 Bernauer et al.
ificant contributions at larger distances from the geometric raypath.
s the bandwidth increases, the kernels become successively nar-

ower and stronger in amplitude.
This effect can be visualized by comparing the three columns of

igure 1, where the frequency bandwidth increases from 0.3 Hz �left
olumn� to 2.5 Hz �right column�. Visually, the kernels � � ln���2

nd � � ln�V�2 are barely distinguishable. However, their differences
ecome apparent in the kernel for the apparent S-wave speed

� ln � a computed according to equation 2 as the difference

� ln � a�� � ln�V�2�� � ln���2.
The � a kernels in the bottom row of Figure 1 reveal some general

haracteristics discussed by Fichtner and Igel �2009�. The sensitivity
ecreases with increasing distance from the receiver, the only excep-
ion being in the immediate vicinity of the source where all kernels
re singular. In the first Fresnel zone, the sensitivity is comparatively
mall, whereas it remains large in the higher Fresnel zones near the
eceiver. The regions of high sensitivity of the � a kernel occupy less
pace than in the kernels for rotation amplitudes, velocity ampli-
udes, or finite-frequency traveltimes �Dahlen et al., 2000�. This sug-
ests that measurements of � a can be used to infer small-scale struc-
ure, especially in the near-receiver region.

SYNTHETIC INVERSIONS

Here, we give examples of synthetic inversions with � a measure-
ents by using three scenarios: a local crosshole tomography, a re-

ional earthquake tomography, and a comparison of inversions with
ms amplitudes and � a measurements. These examples illustrate the
otential range of application and possible advantages of our ap-
roach. To obtain optimal results, we use a nonlinear optimization
cheme with successively increasing frequency bandwidth.

We denote by � a,i
0 and � a,i the apparent S-wave speeds for the ref-

rence S-wave model � 0�x� and the perturbed model � 0�x�
� � �x�. The subscript i refers to different source and receiver lo-

ations, different frequencies, or combinations of them. For simplic-
ty, we refer to � a,i and � a,i

0 as data and synthetics, respectively, keep-
ng in mind that the following examples are synthetic inversions.

We want to recover the perturbation � m through the minimiza-
ion of the least-squares misfit functional:
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igure 2. Scenario I crosshole tomography. �a� Original S-wave ve-
ocity model: two 80-m-deep boreholes �vertical white columns�
eparated by 80 m. Sources and receivers are spaced equally at
epths between 5 and 75 m. The right borehole contains 70 receivers
black sawtooth line� that record signals from eight sources �black
ullets� in the left borehole. The synthetic model contains low- and
igh-speed variations on a constant S-wave velocity background of
km /s. �b� Final model after inversion over successively broader

requency bands. The original model of �a� is reproduced well.
Downloaded 03 Feb 2010 to 141.84.9.25. Redistribution subject to S
E�
1

2 �
i�1

n

�� a,i�� a,i
0 �2. �15�

he earth model is parameterized by a set of N basis functions, hk�x�,
�1, . . . ,N, that allow us to express the S-wave speed model � �x�
s � �x���k�1

N � khk�x�, where the values of � k are scalars. For sim-
licity, we choose the basis functions to be cubic blocks. The deriva-
ive of the objective function E with respect to the coefficient � k is
ow given by the projection of the sensitivity kernel � �� a,i�x� onto
he basis function hk:

�E

�� k
� �

i�1

n

�� a,i�� a,i
0 ��

G

hk�x�� �� a,i�x�d3x,

k�1, . . . ,N . �16�

ere, G denotes the volume of the earth model. For multiple source
nd receiver geometries, the total gradient is equal to the weighted
um of the single-source and single-receiver gradients, where the
eights are the residuals � a,i�� a,i

0 .
Using the derivative E, we minimize the misfit iteratively with a

reconditioned steepest-descent algorithm. The preconditioner is a
aussian taper that eliminates the singularity of the sensitivity ker-
els directly at the receiver. It thus prevents the minimization
cheme from converging toward a local minimum where all hetero-
eneities are concentrated at receiver locations. During the iterative
isfit minimization, we successively increase the frequency con-

ent. This allows us to ensure the quasi-linearity of the misfit func-
ional with respect to earth model perturbations.

cenario I: Local-scale crosshole tomography

Crosshole tomography is a standard tool used to image small-
cale structures for engineering and exploration applications �e.g.,
ong, 2000; Angioni et al., 2003� and in studies of local tectonics

Bleibinhaus et al., 2007�. In our first example �Figure 2a�, we con-
ider two 80-m-deep boreholes separated by 80 m. Eight seismic
ources at depths of 5–75 m generate S-waveforms recorded at 70
qually spaced receivers at depths between 5 and 75 m. During the
teration, we successively use the following frequency bands:
.1–0.6, 0.1–0.9, 0.1–1.2, 0.1–1.5, and 0.1–1.8 kHz.

The target model that we want to invert for consists of two high-
elocity perturbations and a low-velocity perturbation superim-
osed on a homogeneous background S-wave velocity of 2 km /s.
he perturbations represent strong changes of the medium proper-

ies in the shallow subsurface. To comply with the requirements of
ay theory, used to compute waveforms and sensitivity kernels, we
hoose the perturbations to be smooth. They have similar complexi-
y to synthetic structures chosen by various authors �e.g., Linde et al.,
008; Zhou et al., 2008�.

The fictitious data set used for the synthetic tomography contains
0 recording sets �eight sources, five frequencies�, a collection of
hich is shown in Figure 3.Although the complexity of the sensitiv-

ty kernels dictates a cautious interpretation of � a in terms of earth
tructure, the strength of � a variations is proportional to the frequen-
y bandwidth. Moreover, data produced by sources close to the per-
urbations �Figure 3c� give a hint to changes between high- and low-
elocity zones as well as to the perturbation intensities.

The inversion starts with a misfit minimization for a homoge-
eous initial model and the narrowest frequency band �0.1–0.6
EG license or copyright; see Terms of Use at http://segdl.org/
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Seismic rotation tomography WCD45
Hz�. After seven iterations, the synthetics reproduce the observa-
ions well �Figure 4�. The resulting image can be used as the initial

odel for the inversion in the next �higher� frequency band. We re-
eat this procedure until we reach the fifth frequency band
0.1–1.8 kHz�. The final model is presented in Figure 2b.

The final inversion localizes low- and high-velocity zones cor-
ectly. The shapes and intensities of the perturbations are similar to
he original model. Small differences in the shape of the perturba-
ions remain, as is routine in tomographic models.
hey may be attributed to imperfect data cover-
ge. We note that this example provides proof of
oncept; it does not represent a systematic resolu-
ions study of the type that would be needed for
pecific engineering or exploration applications.

cenario II: Regional-scale earthquake
omography

The second example shows that our method is
ell suited to regional-scale tomography prob-

ems. Here, we mimic a regional earthquake to-
ography study across a subduction zone as per-

ormed, for example, in the southern Andes by
ohm et al. �2002� and in Central America by
yracuse et al. �2008�. Inferring structural hetero-
eneity in tectonically active zones is essential in
tudies of earth dynamics �e.g., Schuberth et al.,
009�. The target model, shown in Figure 5a, con-
ains a �1-km /s low-velocity region that repre-
ents a zone of subduction-related melt ascent.
his region is flanked by two �1-km /s high-ve-

ocity regions. The background velocity is
.5 km /s.

The seismic experiment includes six earth-
uake sources, regularly spaced along a fictitious
owngoing plate at depths between 80 and
00 km. Some 120 receiver stations are spaced
qually in a 238-km-long surface profile. The fre-
uency bands for the inversion are 0.1–1.0,
.1–1.5, and 0.1–2.0 Hz. They provide a data set
f 18 recording sets �six sources, three frequen-
ies�. In Figure 6, data curves are plotted for all
requency bands and sources at the profile loca-
ions x�100 km, x�180 km, and x�260 km.
ur ad hoc interpretation of data plots is restricted to the same level

s for scenario I, and the inversion principle is analogous to that used
n scenario I.

Figure 7 shows the minimization of the data misfit between data
nd synthetics for the narrowest frequency band over nine iteration
teps. The inversion result �Figure 5b� reproduces the main charac-
eristics of the subduction zone model well. Nevertheless, there are
ome artifacts, especially in source regions. These may be a conse-
uence of the singularity of the � a kernels directly at the source loca-
ions.

cenario III: Comparative example

Measurements of apparent S-wave speeds are advantageous in to-
ographic problems where the particular shape of their sensitivity

ernels can be exploited. This is the case, for example, in teleseismic
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omography for local structures where all incident rays are nearly
ertical. Using observation data with sensitivities that extend from
he source to the receiver �e.g., rms amplitudes or arrival times� may
ead to considerable vertical smearing. This can be avoided by using
bservation data that are sensitive primarily to near-receiver struc-
ures, such as apparent S-wave speed.

The synthetic inversion summarized in Figure 8 illustrates this ef-
ect. The input structure �Figure 8a� contains a fictitious asthenos-

b) c)
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arthquake sources �black bullets� regularly spaced along the down-
oing plate at depths between 80 and 200 km. The black triangles
epresent a surface-receiver profile of 120 recording stations. �b� In-
ersion model including six sources, 120 receivers, and three fre-
uency bands. The inversion results show that the approach combin-
ng translational and rotational measurements is effective for region-
l-scale tomography.
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heric low-velocity layer below 100 km depth as well as other heter-
geneities. We use 21 equally spaced receivers, four sources at
round 250-km depth, and the same inversion scheme as in the pre-
ious two scenarios. If only rms amplitudes are used, the low-veloci-
y layer smears into shallow depths above 100 km �Figure 8b�. A
imilar result would be expected for traveltime tomography because
mplitude and traveltime kernels are similar geometrically. The ap-
arent S-wave speed, however, provides an accurate image of the
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pper 100 km, with negligible vertical smearing. Structures below
00 km depth cannot be recovered by using rms amplitudes or ap-
arent S-wave speed.

DISCUSSION

Our novel variant of seismic tomography is based on colocated
easurements of translational and rotational ground motions. For

he iterative solution of the inverse problem, we combine the adjoint
ethod and ray approximation. Our use of ray theory was motivated

by its low computational cost, which allows us to
perform many numerical experiments and thus
gain an intuitive understanding of inverse prob-
lems that involve measurements of apparent
S-wave speed. Although numerically efficient,
the limitations of ray theory restricted this study
to smooth models and high-frequency S-waves.
This limitation may be mitigated in future appli-
cations by using full numerical wave-propaga-
tion schemes that allow us to include lower fre-
quencies and any type of seismic wave.

The measurement of the apparent S-wave
speed is attractive because it is independent of
source timing and source magnitude. This proper-
ty simplifies the combined source-structure in-
verse problem. Moreover, no arrival-time mea-
surements are needed. In principle, fully numeri-
cal wave propagation allows us to use any part of
a seismogram to measure apparent S-wave speed
�Fichtner and Igel, 2009�.

A disadvantage of our method lies in the diffi-
culty of measuring the amplitudes of translational
and rotational ground motions with high preci-
sion. Although the synthetic inversions presented
here clearly show that apparent S-wave speed
measurements result in well-resolved tomogra-
phic images, variations of apparent S-wave speed
induced by unknown earth structures may be dif-
ficult to identify. We are working on a detailed
analysis of variations of apparent S-wave speed.

CONCLUSIONS

The principal objective of this study was to as-
sess whether measurements of seismically in-
duced rotational ground motions can be incorpo-
rated successfully into seismic inverse problems
to yield better resolved and more realistic tomog-
raphic images. From the synthetic tests presented
in the previous sections we conclude that collo-
cated displacement and rotation measurements,
combined to the apparent S-wave speed, suggest
a promising extension of conventional seismic
tomography.

Some necessary steps to develop this method-
ology further are �1� extracting structural infor-
mation from real measurements of apparent
S-wave speed, �2� transitioning from ray theory
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o fully numerical wave propagation, �3� incorporating additional
eismic phases and surface waves, �4� performing systematic resolu-
ion analyses, and �5� comparing our method with standard tomogra-
hic methods. Further application of the proposed method is depen-
ent on the availability of more rotational ground-motion data and
n development and improvement of sensor technologies that, un-
ike currently available ring lasers, are portable.
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